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1 Introduction 



Let X be a hyperelliptic curve of genus 3, J(X) the Jacobian of X, the theta divisor, 
A the affine ring of J{X)\Q and V the ring of holomorphic differential operators on 
J{X). The purpose of this paper is to determine the structure of A as a P-module. 

In general, for Jacobians, the non-linear differential equations satisfied by elements 
of the affine ring are related with soliton equations [151111 [6]. However the corresponding 
equations for non- Jacobians are not known. The study of the D-module structure of 
the affine ring A of an abelian variety is important from this point of view, since the 
results for Jacobians and non- Jacobians can be compared in the same field. 

In our previous paper [20] a conjecture on the P-free resolution of A is formulated in 
the case of hyperelliptic curves of arbitrary genus. Up to now the conjecture is verified 
only for the cases of genus 1 and 2. However those cases are contained in the generic 
case where the theta divisor is non-singular. In the case of a principally polarized 
abelian variety (J, 0) with G being non-singular, the P-module structure of the affine 
ring is completely determined in Namely the minimal free resolution is explicitly 
constructed. In the present case of genus 3 the theta divisor has an isolated singular 
point. Thus it is the first case of the conjecture that is not contained in the generic one. 

Filtrations are important when one studies P-modules. We introduce two filtrations 
on A, pole and KP-filtrations. The pole filtration is defined by the order of poles on 
and it can be defined for other abelian varieties than Jacobians. To define KP-filtration 
we use Klein's hyperelliptic sigma function a{u) = a{ui, ...,Ug) [121 [131 El HE]. We 
consider 9 as the zero set of a{u). Let 

d 

Ph...i„{u) = -di, ■■■di„ log a{u), di = — . 

For n> 2 pi-^^,„i„{u) is contained in A and conversely A is generated by {pii...i„{u)} as a 
ring. Assign degree Yl^=ii.'^h ~ 1) ^'^ Ph...i„{u). Then the KP-filtration {An} is defined 
by specifying A^ to be the vector space generated by elements of degree at most n. 
The KP-filtration is specific to Jacobians and is related to integrable systems known as 
KP-hierarchy 

The KP-filtration seems to be a proper filtration to study the affine ring of a Ja- 
cobian. In fact the result on the character [201 EI], which is the generating function 
of the dimensions of homogeneous components of the associated graded ring, with re- 
spect to the KP-filtration manifests a remarkable consistency with other results and 
constructions, such as the results on the cohomology groups of affine Jacobians [17]. 

Nevertheless we use the pole filtration for the proof of the conjecture in the present 
case. There are three reasons for this. One is that the pole filtration can be localized 
and the sheaf cohomology arguments can be applied. In fact the local structure is 
inherited to the global structure and it plays a decisive role to determine the P-module 
structure of A. The second is that we are interested in describing explicitly a basis of 
abelian functions with poles of order at most n. This is for the sake of the application to 
finding explicit formulae among abelian functions, such as generalizations of Frobenius- 
Stickelberger's formula [H [6l [TOl [9] . The third is the lack of the technical device to treat 
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the KP-filtration. For example one can not define the corresponding filtration locally 
on J{X). It is important to develop intrinsic geometric understanding of the filtration 
for the further study. 

Let A = UA{n) and A = UA„ be the pole and the KP filtrations. Denote by gT^ A 
and gr^^ A the graded rings associated with the pole and KP filtrations respectively. 
They also become P-modules. We prove that gr^ A is not finitely generated over V 
and analyze how it is not finitely generated. It is shown that the elements of A{n) is 
not contained in T)^^^A(n — 1) but is contained in T)^'^^A(n — 1), where V^^^ is the space 
of differential operators of order at most k. Namely some elements of A{n)/A{n — 1) 
are not obtained by differentiating once the elements of A{n — 1) but are obtained by 
differentiating twice and taking linear combinations. This phenomenon is a result of 
the existence of the singularity of the theta divisor. It gives us an insight, for more 
general cases, on what happens and what we should prove if G is singular. To establish 
such results we need to study the residue sheaves supported on the singular locus of the 
theta divisor [U [23] . To this end we use the Taylor expansion of the sigma function. In 
fact one of the important properties of the sigma function is that the series expansion is 
known explicitly [3l El [181 [5]. The first term of the expansion is given by Schur function 
corresponding to the partition determined from the gap sequence at cxd of X. In the 
present case the partition is (3, 2, 1) and the corresponding Schur function is 



S{u) = uiUs - u\- -u\u2 + 



45 



The zero set of S{u) has a simple singularity of type Ai at the origin. Remarkably ct{u) 
is transformed to S{u) around the origin by taking a suitable local coordinate system. 
With the aid of the explicit form of the local defining equation we can analyze residue 
sheaves in detail. Then the differential property of A{n) mentioned above can be proved 
by taking cohomology. 

We can deduce from the results on gr*^ A that A is finitely generated over V although 
gi^ A is not. Moreover generators can be taken as 



J2 



Pniu) 
P2i(m) 



P22iu) 



Pisiu) 

P23iu) 



P3l{u) P32iu) pssiu) 



Next we derive "D-linear relations among derivatives of generators ([T]) and determine 
a linear basis of A. Finally we prove that the thus constructed basis gives a basis of 
gj.KP g^j-^^ consequently gr^"^ A is generated by elements ([1]) over T>. Once this is 
estabhshed the conjectured X>-free resolution of gr^-^ A and A are proved to be exact 
|20] . In this way we determine the P-module structure of A, C-basis of A, C-basis of 



gi A simultaneously. 

The present paper is organized in the following manner. In section 2 we review 
the definition and fundamental properties of the hyperelliptic sigma function following 
[HI [18] . The matrix construction of the affine hyperelliptic Jacobian is reviewed and the 
KP-filtration is introduced in section 3. In section 4 the conjecture of [20] is reviewed 
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and the main result of this paper is given. The local differential structure of sheaves are 
studied by analyzing the local defining equation of the theta divisor near the singular 
point in section 5. In section 6 cohomology groups of sheaves with higher order poles 
are studied. It is shown that A is finitely generated and gr^ A is not finitely generated 
over V. The explicit description of the cohomology group H^{J{X)\Q,C) is reviewed 
in section 7. In section 8 the addition theorem of the genus 3 hyperelliptic sigma 
function due to H. F. Baker is reviewed and a basis of A{2) is determined in terms of 
the cohomology of J{X)\Q given in the previous section. Bases of Abelian functions 
of lower order poles are studied in section 9-10. As a consequence it is shown that A is 
generated by representatives of H^{J{X)\Q, C) given in section 7. In section 11 a linear 
basis of A is determined as a subset of derivatives of the generators given in section 
10. Finally a basis of gr^^ A is determined and the proof of the conjecture is given in 
section 12. In section 13 some remarks are given and remaining problems are discussed. 

2 Sigma Function 

In this section we recall the definition and fundamental properties of the hyperelliptic 
sigma function |6l 118] . 

Consider the hyperelliptic curve defined by the equation 

25+1 

= fix), fix) = J2 ^29+1 = 4. 

1=0 

We assume that fix) has no multiple roots. Let X be the corresponding compact 
Riemann surface of genus g and 

x^~^dx 

dui = , t = l,...,g 

y 

a basis of holomorphic one forms on X. We consider the second kind differentials defined 
by 

^ ^ 3v ^ di'jc 

dri= 22 if^ - 9 + ^)>^k+g+2-i^ — , i = l,...,g. 

k=g+l-i ^ 

Being considered as elements of H^{X,C), {dui,dri} forms a symplectic basis with 
respect to the intersection form o: 

dui o duj = dvi o dvj = 0, dui o drj = 6ij. (2) 

By specifying a symplectic basis of the homology group Hi{X,Z) we define period 
matrices: 




Due to the relation ([2]) Riemann's bilinear relations take the form 



1 y 2 V -^5 



), M=| 




\ 




V ^1 


V2 ) 



where Ig is the g ^ g unit matrix. 

Let Pn(T) be the polynomial of Ti, T2, T3,... defined by 

00 00 
exp(^T„A;") = ^p„(T)A;". 

n=l ?i=0 

For a partition A = (Ai, A^) define Schur function Sx(T) by 

S'a(T) = det(pA,-i+i(T))i<ij<z. 



Example 5(i)(T) = Ti, 5(2,i)(T) = -T3 + ^, 
5(3,2,1) m = - Tl - ^T^Ta + ^Tf. 



We assign degree —i to Tj: 

degTi = -i. 

Then S\{T) is homogeneous of degree — |A|, where |A| = Ai + ■ ■ ■ + A;. For each g >1 
we associate the partition 

A(2,2(7 + l) = (^?,^?-l,...,l). 

A special property of this partition is that S\{2,2g+i)(T) is a polynomial of Ti, T3, T2g_i, 
that is, it does not depend on variables T2i. Consider the variables Ui, 1 < i < g and 
assign the degree as 

degM, = -(2^-1). (3) 

Definition 1 The fundamental sigma function or simply the sigma function (j{u) is the 
holomorphic function on of the variables u = ■■■,Ug) which satisfies the following 
conditions. 

(i) a{u + 2a;imi + 2^2^X2) = (_i)*'"i™2+2(*<5'™i-*'5"m2) 

X exp [\2r]imi + 2ri2m2){u + luiTTIi + 102^12)) o-{u), 
where 6', 6" G {0, 1/2}^ are defined by 



(ii) The expansion at the origin is of the form 

(^{u) = ^A(2,25+l)(T)|r2,_i=«, + fdiu), (4) 

d 

where fdiu) is a homogeneous polynomial of degree d and the sum is over integers d 
satisfying d < — |A(2, 2g + 

The sigma function is related to Riemann's theta function with the period matrix 

r = uji'^uj2 by 

{{2u,)-\,t), (5) 

where C is some constant specified by (ii) of Definition [1] (see [6] for the exphcit formula 
for C). It follows from this formula that (j{u) is even or odd: 

a{-u) = (-l)^f(s+i)(T(M). 

Let 

J{X) = CV2wiZ9 + 2002^3 
be the Jacobian variety of X and G the divisor defined by the zero set of cr(u): 

e = {ue J{X)\a{u) = 0}. 

Let 

J'{X) = CVZf + rZ^. 

Then J{X) and J'{X) are isomorphic by 

J(X) J'(X), 
u {2uJi)^^u. 

The relation signifies that G is transformed, by this isomorphism, to G' on J'{X) 
defined by 

Q' = {ze J\X) I e{z + t5' + 5\ r) = }. 

Thus G is isomorphic to the translate of the divisor defined by the zero set of Riemann's 
theta function with zero characteristic. We call G the theta divisor throughout this 
paper. 



a{u) = C exp 





6' 




5" 
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3 Affine Jacobian 



In this section we review the matrix construction of the affine Jacobian variety J{X)\Q 
and give a description of the generators of the affine ring in terms of the sigma function 

USE]. 

Let C be the set of matrices of the form 



L{x) 



a{x) b{x) 
c(x) —a{x) 
a a ff+i 

«(^) = XI «2*+ia;^"', b{x) = b2iX^~\ c{x) = ^ C2^x^^^-\ bo = 1, cq 



i=l 1=0 i=Q 

We set ai = 0. We identify £ with the affine space C^^+^ by the map 

L{x) (as, a2g+i, 62, &2g, C2, 029+2)- 

For a polynomial f{x) = Ylf^^ A2g+i = 4, consider the equation 

-det L{x) = f{x). (6) 

It gives a set of equations for Oj, 6j, c^. Let £/ be the set of elements of C satisfying (jS]). 

Theorem 1 [15] If f{x) does not have multiple roots, Cf is an affine algebraic variety 
and is isomorphic to J(X)\9. 

Let 

A = C[a2i+i, b2j,C2k\l<i<gA<J<9A<k<g + l] 

be the polynomial ring of 3(? + 1 variables and If the ideal generated by the coefficients 
of p. Then 

= A/// (7) 

is the affine ring of Cj. Notice that Aj is generated by a^, bj since is expressed as a 
polynomial of ai,bj by (jH]) [20j. 

The affine ring of J{X)\Q is isomorphic to the ring of meromorphic functions on 
J(X) with poles only on 0. Meromorphic functions on J{X) are identified with those on 
O that are periodic with respect to the lattice 2iO\L^ + 2^2^^ ■ Such periodic functions 
can be constructed as logarithmic derivatives of the sigma function for example. Let 

d 

Ph...i„{u) = -di, ■■■di„ log a{u), di = —. 

For n > 2 j^('u) becomes an element of the affine ring of J(X)\0. According to 
Theorem [T] a j, 6j should be described as meromorphic functions on J{X). The result is 
known as [S] 



J2i 



-pii{u), a2j+i = piij{u). (8) 
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In the following we fix f{x) and denote Af simply by A. We introduce a filtration 
on A using the relation ([7]). Define a grading on A by 

deg ai = i, deg k = i, deg q = i. 

Let 

A = ©^=oA„, Ao = C, 
be the homogeneous decomposition of A and n : A ^ A the projection. We set 

An = vr(©S=o^rf) 

for > and A^ = for n < 0. Obviously {A.^} defines an increasing filtration of 
A = W^^qA^ which we call KP-filtration. Let gr^-^ A be the associated graded ring 

gr^^ A = ©:r=ogrr A gr^ A = AJA^-,. 

Lemma 1 For n > 2 and ii, ...,in € {1, g} we have 

pii...i„ e ^E;=i(2j,-i)- 

To prove this lemma we first describe the action of di on aj, b^. The translation 
invariant vector field on J{X) is constructed in [12]. It gives 

Dl{a2k+l) = ^ '^{b2iC2j+2 - h2jC2i+2) - b2kb2l, 

Di(b2k) = ^ ^{a2i+ib2j - a2j+ib2i), 

Dl{c2k+2) = ^ ^{C2i+2a2j+l - C2j+2a2i+l) + 262«a2A:+l, (9) 

where all sums are over satisfying 

i+j = k + l — 1, i > max(A;, /), j < min(A;, /) — 1. 

Due to the coefficient 4 of x^^"*"^ in f{x) the coefficients in the right hand side of the 
above formulae are different from those in . We have 

Diih) = ^a2i+i- 



In terms of pi^. 



Lemma 2 Di = — di. 

2 



Dipu{u) = -^pui{u). (10) 



Proof. The equation (fTOl) is written as 

(A + ^90(pii(w)) = 0. 

Therefore it is sufficient to prove the following statement: if an invariant vector field 
D = Yli=i satisfies 

Dpii{u) = 0, (11) 

then D = In fact ffTTl) implies 

2alDa D{(jf) + auDa D{au) 



0, 



where cxi = dia, an = dfa. It means that afDa/a is holomorphic. 
By claim (i) of Lemma M 



Pn{u) = ^ + 



has poles of order two on 0. Since G is irreducible, Da /a is holomorphic. Then 

Da ^ 
di = aipuiu) 



a 

i=l 



is holomorphic on J{X). Thus it is a constant. Since {1, pjj |1 < i < j < (? } is linearly 
independent by Proposition [5l ctj = for any i. Thus Lemma [2] is proved, i 

Proof of Lemma [1] 

Since 62 = — pii(w), we have 

The formulae (P) shows that 

DiAn C A„+2Z-i. (12) 

The relation of a{u) to the r-function [5] of the KP-hierarchy [TS1[II] implies that pij{u) 
is expressed as a homogeneous polynomial of pn, piu,--- of degree {2i — 1) + (2j — 1) 
modulo A2(i+j)-3, where the homogeneity is with respect to the degree degd{pu = i + 2. 
Thus, by f|T2|) and the obvious relation Am An C Am+n, we have 

Phi2{u) e v4(2ii_l)+(2j2-l)- 

Applying ■■ ■ 9i„ = {-2)'^~'^Di^ ■ ■ ■ Di^ to pi^i^iu) we get the desired result. | 
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In general, for a graded vector space S' = ©„S'„, we define the character of S as the 
generating function of the dimensions of homogeneous components: 

ch{S) = ^g"dim^„. 
To give a formulae for the character of gr^^ A we introduce the notation: 

n 1 " 1 



2'' J-J- ^ ■ 2 

i=l i=0 



for a non-negative integer n. 
Theorem 2 [20] 



|j|,»!|s+l],= !|9 + 5l,"!' 



In this paper we also consider another filtration on A, the pole filtration, defined as 
follows. For a E A we denote by orda the order of poles on 9. Set 

A{n) = {a e A\oTda < n}. (13) 

Then {y4(n)} defines an increasing filtration on A. Notice that A[0) = A[l) = C. The 
graded ring associated with this filtration is denoted by gr-^ A: 

gr^ A = ©^=ogrn A g^n A = A{n)/Ain - 1). 

It is obvious that the following relation holds: 

diA{n) C A{n + 1). (14) 



4 Abelian Functions as a P-module 

Let P = C[di, ...,dg] be the ring of holomorphic differential operators on J{X). As 
observed in the previous section the affine ring A of J{X)\Q becomes a P-module. The 
relations f[T^ and f[T^ imply that gr^^ A and gr^ A become also P-modules. In this 
section we recall the conjecture on the P-module structure of A and gr^^ A proposed 
in [201. 
Let 

V = ©tiCci © ©tiC/ii 
be the vector space of dimension 2g with the basis {ej,/ij}. Consider the two form 

9 

2=1 
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and set 

= k>2, W^ = V, W^ = C. (15) 

uj /\^~^ V 

We define a grading on V by assigning 

degej = -(2z - 1), deg/ii = 2z-l. 

Then f\^V for > 2 is naturally graded and degtu = 0. Thus is also graded as the 
quotient of two graded spaces. 
Define the map 

d■.v®^^v — >v®^^+^v 

by 

d{P ®v) = ^d^P ®{t^^v), PeV, z/gaV, 

and the map 
by 

U;(P® Z/) = P ® {uJ Au). 

We specify a grading on V by 

degdi = 2i — 1. 

The space V C?> A^V naturally inherits a grading from V and A^V. The maps d and u 
preserve the grading since degu; = and degrf = deg ^ (9j ® Cj = 0. Obviously d and 
u commute and d'^ = 0. Therefore d induces a map 

d:V(^W^ — >V(^W''+\ 

and defines the complex (V ® W, d): 

— yV — >V®W^ — > yV®W3 — ^0. 

Proposition 1 [20] The complex {V ® W* ^ d) is exact atV ® , k ^ g. 

Let 

9 

T* = J2 ^dui 
1=1 
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be the space of holomorphic one forms on J{X). We define the map 

ev:V0W^ — >A®A^T*, 

as follows. Let 

Ci{u) = di log a{u), Cij{u) = -Pij{u) = didj log a{u). 

Then 

9 

dCi = ^ Qj{u)duj eA(^T*. 



We set 



Since A^T* = Cdu^^^, A (g) A^T* becomes a X>-module by 

P{a (g) du"^^^) = P(a) (8) dw"^^. 

As a "D-module A A^T* and are isomorphic. For I — (ii, v) G {1, fi'}'' we use 
the notation like 

e/ = eii A • • • A e^^. 

We define 

ev (P ® (/xj A ej)) = P (dO A duj) , 

where PeV,I^ {^^, .... i,) e {1, ...,gY and J = (jV+i, j,) G {1, (^l^"''. 

The map ev can be written explicitly in terms of Qj. Let J"^ = (ji, ■■■,jr) be defined 
such that ji< ■■■ < jr and {1, ...,5'}\J = {ji, ...,>}• 

A duj = s^n(J^ J) (7; J")dii"^^^, 
{I; J") = det(CifcjJi<fe,Kr, 

where sgn{J'^, J) is the sign of the permutation {J'^, J). Notice that = Qj- Then 
we have 

ev (P ii^i A ej)) = sgn{r, J)P ((/; r)) dw^^. 

We also define the graded version ev^^ of the map ev. To this end let us define a grading 
on T* by 

deg dui = —{2i — 1). 
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Then gr^^ A ® A^T* is graded. Let 

= ®iV0 W')^ , gr^^ A ® A'T* = © (gr^^ A ® A'T*)^ 
be the homogeneous decompositions. Notice that 

(gr^^ A ® A^T*)^ = gr^:^. A ® 

We have 

deg(/i7 A ej) = 5^(2^,. - 1) - ^ (2jfc - 1) =: 

fc=l fc=r+l 

On the other hand a calculation shows that 
Thus 

ev ((D ® C Ar,+g2 ® du"^^^. 

Composing ev and the projection An+g2 gT^n+g^ ^ '^^^ define 

evf : {V ® W')n (gr^'' A ® A^T*)^ . 

We set 

ev^"^ = ®„ev^^ : P ® 1^^^ — > gr^^ A ® A^T*. 

Conjecture 1 [20j The map eifl^ is surjective. In other words gr^^ A is generated, as 
a V-module, by 1 & ^ 
J = {ir+i,...,ig) G {1,...,^}^^-^ 



a V-module, by 1 e gr^^ A and (/; J"") G ^rj^^^a ^, r >1, I = (ii, G {1, 



Corollary 1 pO] If the conjectureUlis true, the following two complexes are exact and 
give V-free resolutions of gr^^ A and A respectively: 

— >V ^V^W^ ^ ^-^V®W^^ gr^^A(^ A^T* — > 0, 

— ,v ^V^W^ ^ V (g) ^ A (g) A^T* — > 0. 

For (7=1 the conjecture is obvious since {1, p{u), p'{u), ...} is a linear basis of A. 
Here p{u) = pii{u) is Weierstrass' sigma function. For g = 2 the conjecture follows 
from Example 9.2 in [7]. 

In this paper we prove 

Theorem 3 The conjectureU\ is true for g = 3. 
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5 Local Structure 



From now no to the end of the paper we assume g = 3. In this case the only singularity 
of the divisor 9 is the point corresponding to (mi,U2,M3) = (0,0,0), which we denote 
e J{X). 

For p > 0, n G Z, let Q"^ be the sheaf of germs of holomorphic p-forms on J{X), 
nP{n) {n > 0) the sheaf of germs of meromorphic p-forms on J{X) which have poles 
only on B of order at most n, Q^{n) {n < 0) the sheaf of germs of holomorphic p-forms 
on J{X) which have zeros on B of order at least —n. We set O = Q^, 0{n) = Q^{n) 
and gr^ fl^ = VL^{n) /Vt^in — 1). Since Vt^ is a free O-module, gr„ Vt^ ~ gr„ O ® 

The exterior differentiation defines a map d : VL^{n) — > Vt^{n + 1). It induces a 
map d : gr^Q^ — > gr^j^i^F^^. Let be the kernel of this map. We have the exact 
sequence 

^ $^ ^ gr„n^ ^ dgi^n^ 0. 

We define the (graded version of) residue sheaf [I] (see also appendix to chapter VII 
by Mumford in [25]) by 

Rl = ^l/dgi^^,nP-\ n>l. 

Notice that the support of is contained in {0}, since closed forms are exact at a 
non-singular point of B. 

Lemma 3 (i) (^]^ = dgr^_iO for n >2. 

(a) ^\ ^ grQ O. 

(in) dgr^ O ~ gr^ O for n>l. 

To prove the lemma we analyze the defining equation of B near the singular point. 

Proposition 2 There exists a local coordinate system {zi,Z2,Z3) near such that 

a{u) = z1 + + z\. 

Proof. Due to (ii) of Definition [T]cr(u) has the expansion of the form 

a{u) = S{u) + ^ fd{u), S{u) =uiu^-ul-^u\u2 + ^ul- (16) 

rf<-6 

Therefore (j{u) can be written as 

a{u) = U1U3 -ul + ^ Fd{u), (17) 

d>3 
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where Fd{u) is a homogeneous polynomial of degree d with respect to degUi = 1 i = 
1, 2, 3. We define Xi, X2, by 

Ui=Xi+iX2, U2 = iX3, Us = Xi-iX2. 

Then 

cr('u) = xl + xl + xl + (deg > 3 terms in Xi,X2, x^) , 

where degXi = 1 i = 1,2,3. Therefore one can find holomorphic functions Gi, G2, G3 
near and a constant c such that 

a{u) = xjil + Gi) + xl{l + G2) + xl{l + Gg) + CXiX2X^, 

and 6*1(0) = for all i. Define the local coordinate (Xi,X2,X3) by 

X, = x^{l + GiY'\ ^ = 1,2,3. 

Then 

XiX2X^ = GXiXaXs, 

where G = nti(l + Gi)-^/"^ can be considered clS cl holomorphic function of X = 
[Xl, X2, X^) near such that G{0) = 1. With respect to variables X we have 

a{u) = Xl + Xi + Xl + cGXiX2X3, 

= (X, + '^X2X,f + Xl{l - -/G'Xl) + Xl 

Take the local coordinates (2:1,^2,-23) as 

zi = Xi + ^^2X3, Z2 = X2{1 - ^c^G^Xiy/^ Zs = X3, 



we get 



/ \ 2,2,2 
a{u) = z^+z^ +2:3, 



which completes the proof of the proposition. | 

Proof of Lemma 

(i) The equation is easily proved at a non-singular point of G. Let us prove the equation 
at the singular point 0. Take a local coordinate {zi,Z2,Z3) as in Proposition [2l Let 

E Q-t(^i? Z2, ^3) ^^ 

i=l 
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be a local section of gr„ around 0. Notice that 

Znh -{zl + zl)h . 

for any holomorphic one form h around 0. Thus one can assume that is linear in z^: 

{Zi,Z2) +aii{zi,Z2)z3. 

Then the condition (is = in gr„ , ^ Q"^ is equivalent to the following equations: 



- 2:2010 + ^1020 + Z3{-Z2aii + Zia2i) = 0, 
2:1030 + {zl + zl)aii + 2:3(-aio + ^1031) = 0, 
2:2030 + {zl + zl)a2i + Z3{-a2Q + 2:2031) = 0. 

Then we have 

Oio = 2:1031, 020 = 2:2031, ail = 2:16, O21 = 2:26, O30 = —(2:1 + 2:2)6, 
for some holomorphic function h of (2:1, 2:2) • Consequently 

oi = 2:1(031 + 62:3), a2 = 2:2(031 + bzs), 03 = -{zl + zl)h + 0312:3. 

Notice that 

03 = 2:3(031 + 62:3) - ha. 

Thus 



5]-=l ^idZi _ . f 1 O31 + bZ; 



^ = (o3i + M „^ ' =di „' ' mgr„^]^ (18) 



cr" \ n — 1 a 



since n >2. 

(ii) By ([IS]) we have 



around 0. Then the map 



^1 = 0—, 
a 



F 1-^ Fdlog a, 



gives an isomorphism. 

(iii) The proof is easy and we leave it to the reader. 
I 

Next we analyze the residue sheaf R^. 
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Lemma 4 Take a local coordinate system (2:1,^2,-23) in Proposition] 
at of -R^ and are described as 



dzi A dz2 A dzs 



(u) {Rl)o = C^l 



Zidz2 A dz^ + Z2dz^ A dzi + z^dzi A dz2 



Then stalks 



Proof, (i) The assertion follows from 

f aidz2 A dzs + a2dz3 A dzi + a^dzi A dz2\ ^ Zlf-i -^i^i , . , . , 
d = —2n — ^— — dzi A dz2 A dz^, 

with Oj being holomorphic functions at 0. 
(ii) Let 

aidz2 A dz3 + 02^2:3 A dzi + a^dzi A dz2 
■s = , 

Qi = aio{zi,Z2) + aii{zi,Z2)z3, i = l,2, 

be a local section of gr„ at 0. Then rfs = in gr„_,_i is equivalent to 

aiozi + a2oZ2 - a3i{zl + Z2) = 0, 
aiiZi + 021^2 + 0-30 = 0. 

It follows that there exists a holomorphic function 6(2:1, Z2) at such that 



^20 ~ (131^2 



bZ2, 

-bzi, 



and consequently 



01 = asi^i + bz2 + an -23, 

02 = 0-31^2 bzi + 021^3, 

as = —aiiZi — 021^2 + ^31^3. 



Then we have 



a3l^n + 



2(1 -n) V 



, / 021^2:1 — aiidz2 + bdzs 
d 



a 



71-1 



Therefore modulo (i(gr„_i Q^) is represented by forms of the form aip"^ with a being 
holomorphic at 0. Notice that 



Zittifl 



^ J f Zi+2dZi^i — Zi+idZi^2 

d a 



2(1 -n) 



a 



n — 1 
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where the index of Zi should be read modulo 3. Thus is represented by elements of 
C^l. Using 



d 



-2n 



(^2^3 — Z3a2)dz2 A dz^ + (-2301 — Zia3)dz3 A dzi + (,2102 — Z2ai)dzi A dz2 



one can easily check that y?^ is not zero in i?^. | 
Since = in gr^+i the map 

d:Rl^ gr, ^^V^g^n-i = (19) 

is well defined. 

Lemma 5 T/ie map ^ is an isomorphism of O-modules. 
Proof. The lemma follows from 

I 

6 Finite Generation of A over T> 

In this section we study the differential structure of the cohomology groups if °( J(X), gr„ VL^) 
and prove that A is a finitely generated P-module. 
We use the following vanishing theorem. 

Theorem 4 (i) H\J{X), 0{n)) = for n > 1, i > 1. 

(11) H\J{X), gr^O)=0forn>2,i>l. 

(ill) H'{J{X), gr^ O) ~ H'+\J{X), O) for i > 0. 



(iv) W{J{X),gr,0) 



H\J{X),0) i<2, 
i>2. 



The assertion (i) is due to Mumford [H] and (ii), (iii) follows from it using the exact 
sequence 

— ^ C(n - 1) — > 0{n) — ^ gr„ C — > 0. (20) 

Notice that 

H\J{X),gT^nn^H\j{X),gT^O)®H\j{X),^in, 
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since Q,^ is a free O module. 
By the definition 

A{n) = H\j{X),0{n)). 
Due to (i) of Theorem |4] and (!20|) we have 

H\j{X),gT^O)=gT^^A forn>2. 

H^i T(X) ar Q^) 

Proof. The cohomology sequence of 

0-^rfgr„_il]2^gr„f]3^i?3 ^0, n>2 (21) 

gives 

H\J{X),dgT^_,n^) = 0, n>2, z>2, (22) 

and the exact sequence 

H\j{X),dgT^_,n') — . H\j{X),gT„n') ^ H\j{X),Rl) 

^ ifi(J(X),dgr„_ir]2) ^ (23) 

by Theorem H] (i) and H^{J{X), R^) = 0, i > 1. Let us first prove 

H\J{X), rfgr„_i n^) = for n > 4. (24) 

The exact sequence 

gr„_i ^ rfgr„_i 0. (25) 

imphes the isomorphism 

i7^(J(X),dgr„„ifi2)~if^+i(J(X),$ti), ^>l, n>3, (26) 

and the exact sequence 

^ H%J{X),<!>1_,) ^ H'iJiX),gT^_,n') H'{JiX),dgT^^,n') 
^H\j{X),<i>l_,)^0, n>3. (27) 
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Similarly, by the exact sequence, 

rfgr„_2 Rl_, ^ 0, (28) 

we get 

H\J{X),dgi^_^n^)^H\J{X),^l^,), z>2, n>3, (29) 

and the exact sequence 

— . H\J{X), dgr„_2 H%J{X), $ti) H%J{X), Rl_,) 

H\J{X), dgr„_2 n') H\J{X), $ti) ^0, n>3. (30) 

Considering 

gr„-2 ^ ^gr„-2 — 0, (31) 

we have 

H\J{X),dgr^^,n')c^H'^\j{X),^l^^,), z>l, n>4, (32) 
and the exact sequence 

H\j{x),^l,_,) H\j{x),gT^_,n') ^ H\j{x),dgT^_,n') 

^i7i(J(X),$,U) — 0, n>A. (33) 
By Lemma [3] (i), (iii) 

K-2^S^n-3 0, n>4. (34) 

Using (I2HD, (EH]), (ISS), dSl we get, for n > 4, 

i/^( J(X), dgr„_i ^ i72(^(^)^ ^2_^) ^ i/2( J(X), c?gr_2 fi') 

^ H%J{X), $i_2) ^ /f3( J(X), gr„_3 O). (35) 

It vanishes, since the support of gr,„_3 O is contained in G and dim G = 2. 
Next we prove 

H\j{X),dgz,_,n') = dH\j{X),gT^_,n'). (36) 
We have, by ([32]), dMD and Theorem 1 (ii), 

H\JiX),dgT^_,n') ^ H\J{X),<^1_,) ^ H\j{X),gi^_,0) = n> 5,(37) 
and, by ([30]), 

i/i(J(X),$tJ = 0, n>5. (38) 
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Then the equation (!36|) follows from (127|) and claim (i) follows from (!23|) . 
(ii) Notice that 

Ker {d : J(X), gr, fi^) _^ HV{X), gr^^.n')) = H\j{X),^l). (39) 

We have 



H%Jix),dgT^_,n 

by dsn]), (JSZD and 



-^if"(J(X),i?^), n>4, (40) 



by fl33|) . Then the assertion (ii) follows from fHOl) and fHTl) using 

i/i( J(X), $^1) //!( J(X), gr„_2 = 0, n > 4. 

I 

Proposition 4 T/ie "D module A is generated by A{A). 

Proof. By Proposition [3] we have, for n> 5, 

A{n) = Vi" + CF„ + A(n- 1), 

3 
i=l 

where Fn is an element of A{n) such that 

(fl^ = Fndui A du2 A duz in (-R^)o- 
It means, in particular, that 

i7°(J(X),i?3) = CF„. 

Lemma 6 We have, for n > 5, 

3 

F,,eJ29^V^ + V^ + A{n-l). 

i=l 

Proof. By Lemma [5] 

dH\JiX),Rl) = H\JiX),Rl). 
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Claim (ii) of Proposition [3] implies that an element of H^{J{X), R^) ~ C is represented 
by an element of H^{J{X), fi^(n)). Let us take elements fi, i = 1, 2, 3 of A{n) such that 
the two form 

fidu2 A du3 + f2du3 A dui + f^dui A du2 

is a basis of H^{J{X), R^) and it coincides with ip"^ in (-R^)o- Then F„ can be written 
in a form 

1=1 1=1 

for some fi, Gn-i G A{n — 1). Since fi G A{n) one can write 

fi = gi + CiFn + hi, (42) 

where is a constant and 

g^eV,^, h,eA{n-l). 

Lemma 7 q = 0. 

Proof. Multiply cr"^ to Equation (112!) and set m = (0,0,0). By changing the coordinate 
to (^1,^2,^3) as in Proposition [2] around 0, we see that the right hand side becomes 
Q. On the other hand the left hand side is zero. Because v^^cr" and elements of V{^a^ 
vanish at 0. Thus q = 0. 1 

By this lemma we have 

f,eV," + A{n-l). 

Lemma [6] follows from this. | 
By Lemma [3] we have 

A{n) C VA{n - 1) for n > 5. 
Thus A is generated by A{A) over V. | 

Finally notice the following corollary of Proposition [3l 
Corollary 2 As a V-module gr^ A is not finitely generated. 

On the other hand gr^^ A is finitely generated over V as we shall see later (Theorem 

ED. 

Remark 1 For g = 2 gr^ A is finitely generated as proved in JTj. 
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7 Cohomology of Affine Jacobian 

In this section we briefly recall the results on a description of the cohomology group 

/73(j(x)\e,c) HZ!. 

By the algebraic de Rham theorem we have the isomorphism 

H%J{X)\e,C) - (^^/Yj^i^ ®A^T*. 

Theorem 5 J77| / There is an isomorphism 

if3(J(X)\e,C) ~ (43) 

where is given by ( [73]) with g = 3 and k = 3. The composition of maps ev and the 
projection A ^ A/ Y2i=i gives the isomorphism 



— > [A/J29iA]^ A^T* 
It follows from Theorem [S] that 



1=1 



dimH\j{X)\e,C) = 14, 
and that A/ Yl^=i ^iA is generated over C by 

1, {r,j) = Qj, {tr,kl), (123; 123). (44) 
Proposition 5 A basis of A/ Yl^=idiA is given by 
1, Qj (1<^<J<3), 

(12; 12), (12; 13), (12; 23), (13; 13), (13; 23), (23; 23), 

(123; 123). (45) 

Proof. Notice that, by the definition, (ii, ...,4; ji, j^.) is skew symmetric in ii,...,ik 
and ji, ...,jk respectively and satisfies the symmetry relation 

{ii, ...,4; ji, jfc) = (ji, ...,jk;ii, ■■■,ik)- 

It follows that any element of (jSj) is a constant multiple of an element in (l45l) . Since 
the number of elements in fj45l) is 14, they are linearly independent, i 

Lemma 8 (i) ordQj = 2. 

(ii) ord{ij; kl) < 3. 

(Hi) ord{ijk;lmn) < 4. 

Proof. It is proved in Lemma 8.3 of [7j that 

ord(iii, ...,Zfc; ji, jfe) < k + 1. (46) 

The assertions (ii), (iii) follow from this. Let us prove (i). Obviously ord Cij < 2. If 
Old (ij < 2, then Qj is a constant. Because ^(1) = C. It contradicts Proposition [5] 
which claims, in particular, the linear independence of i 
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8 Baker's Addition Formula 

In order to describe a basis of ^4(2) in terms of the basis of the cohomology group of the 
afiine Jacobian given in Proposition [S] we use the addition formula of the sigma function 

El Eli. 

Let u = {ui,U2,us) and v = (^1,^2,^3). The addition formula for the g = 3 hyper- 
elliptic sigma function due to Baker [3] is 

a{u + v)a{u-v) , , . , wr , \ r w r r \ , \\2 

a[uY(7[vY 

+ {p-i'i{v) - p33(M))(pii(t;) - pii{u)). (47) 

We set 

Sym(F(M)G(t;)) = F{u)G{v) + F{v)G{u). 
Then (jUj) is rewritten as 

^i^u + v)a{u-- v) ^ gy^((^3. ^3)(^) _ (i2;23)H) ■ 1) - Sym (P13MP22M) 
G[uya[vY 

+Sym {pi^{u)pi'i{v)) + Sym {pi2{u)p2z{,v)) 
-Sym(pii(u)p33(t;)) . (48) 

Corollary 3 ord ((13; 13) - (12; 23)) = 2. 



Proof. Consider the equation fHSl) as that for functions of u. Then all terms other than 
(13; 13) (m) — (12; 23) (m) have poles of order less than or equal to two. Thus the order 
of poles of (13; 13) (m) — (12; 23) (m) is at most two. If the order of poles is less than two 
(13; 13) (m) — (12; 23) (m) becomes a constant. It contradicts the linear independence of 
1, (13; 13), (12; 23) given by Proposition Oi 

Corollary 4 (i) A{2) = CI © ©i<i<j<3Cpi, © C ((13; 13) - (12; 23)) . 
(11) gr^A = (Bl<^<J<3Cp,J © C ((13; 13) - (12; 23)) . 



Proof. By Corollary [3] (13; 13) — (12; 23) G A{2). By Proposition [5] elements appeared 
in (i) are linearly independent. Since dimA(2) = 8, they forms a basis of A{2). The 
assertion (ii) follows from (i). | 

9 Abelian Functions of Order Three 

In this section we study A{3). 



24 



Proposition 6 (.) I^I^^^^^^ ^^^^^ 
H\J{XUgr,n-) ^ 

(ill) dimH\j{X),^l) = 5. 

Proof, (i) By fl23l) and fl26l) with n = 3 it is sufficient to prove 

H\J{X),<I>1) = 0. (49) 

Since ~ gig C by Lemma [3] (ii), H^{J{X),^l) = by Tiieorem H (iv). Tlie long 
coliomology exact sequence of fl3Tl) witli n = 3 is 

^ H\JiX), $i) H%J{X), gr, n') — . J(X), dgr, n') ■ ■ ■ 
H\J{X), $i) H\j{X),gi, n^) H\J{X), dgi, n') 0. 

Lemma 9 For < i < 2 the map a : H^{J{X), — > W{J{X), gr-^ ^l^) is injective. 

Proof. By (iii), (iv) of Theorem H] we have, for < i < 2, 
H\J{X), $}) ^ H\J{X), O) ~ A^f *, 

H\J{X), gi^ Q^) ~ H'+\J{X), O) ® H%J{X), Q^) ~ A^+^f * A T*, 

where T* = ^2^=0 '^dui and dui is the complex conjugate of dui. Then the lemma is 
proved in a similar manner to Lemma 4.6 in [7] using the representation theory of sl2- i 
By Lemma [9] we have the exact sequences; 

H\J{X), $}) H\J{X), gr, n') ^ H\J{X), dgi^ 9}) 0, (50) 

for i <2. Then 

dimH\j{X),dg^n^) = dim H\J{X), gi^n^) -dim H\ J {X),^l) 

= dimH^{J{X),n^)-dimH^{J{X),0) 
= 0. 

Here we use Theorem H (iii), (iv). Thus H'^{J{X),dgT^Q^) = 0. By ([29]) we have (H9|). 

(ii) This follows from (1271) . 

(iii) Consider the exact sequence (1501) . By (IHUj) 

dimif^(J(X),dgri ^]^) = 6. 

Thus dimH^{J{X), $1) = 5 or 6, since dimi7°(J(X), i?i) = 1. We prove that the latter 
is impossible. 
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Suppose that dimH\J{X),<^l) = 6. Then 

i70(J(X),$2) 



H\JiX),Rl). 



H^{J{X),dgT,n^] 
By (I39D and 



H\j{x),gT,n 



2^ 



H%J{X),Q^{l)y 



there is an element w of H^{J{X), Q'^{2)) such that it is contained in H^{J{X), $2) ^-nd 
its image in H^{J{X), R"^) becomes a basis of H^{J{X), R2). By Lemma [5] dt/; becomes 
a basis of J(X), R2). In particular cii;; is a non zero element of J(X), f2^(2)). By 
Corollary Hla basis of J(X), ^2^(2)) is given by a subset of a basis of the cohomology 
group {J {X)\Q , C) . Thus they are linearly independent modulo exact forms. Then 
dw = as an element of H^{J{X),Q'^{2)). This is a contradiction. Thus the assertion 
(iii) is proved. | 

Let us find a basis of the space appeared in Proposition [6] (ii). 
Lemma 10 For any i, j, k,l {ij; kl) du""^^^ is in H^{J{X),dgr2Q'^) . 



Proof. Notice that 



Here 



In fact 



and 



where 



dQ A dQ A duk = -d^QdQ A duk — CjdQ A duk)- 



Old {QdCj A d'Uk — CjdCi A duk) < 2. 



CidQ A duk - CjdQ A duk = ^{dCji - (jCii)dui A duk 

l^k 



cTj = did, (Tij = didja. 

Thus the lemma is proved. 1 

For the sake of simplicity we set 

= (13 : 13) - (12 : 23) t;^ := (12; 12), t;^ := (12; 13), 

:= (12; 23), := (13; 23), := (23; 23). (51) 
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Notice that 

(13; 13) = (12; 23) ingrf A, 

by Corollary [31 
Corollary 5 We have 

(n„.i^„ max 

Proof. The left hand side is five dimensional by Proposition (ii), (iii). Thus it is 
sufficient to prove the linear independence of {vidu™-^^} in the left hand side. 

Suppose that ^ CiVidu^^^ = in this space. It means that there is an element w 
in H%J{X),n'^{2)) such that 

c^Vidu^'^'^ -dwe H\J{X), n^{2)). 

It implies q = for any i. Since { v^du^^^ |1 < ^ < 5 } and the basis of H^{J{X), fl^{2)) -- 
A{2)du^^^ given in (i) of Corollary H constitute a part of a basis of H^{J{X)\Q,C). | 

We set 

Wi,...i^ = 5ii • • ■ di^w, 

for w & A. 

Let Fs be an element of ^4(3) such that F^du™-^^ is a basis of H'^{Rl). 
Corollary 6 We have that 

gi{A = ®i<i<j<k<3Cpijkiu) © ©iiCt;" © ®f^^Cv' © CF3. 

Proof. By Proposition [6] and Corollary O gr|' A is generated by 

Pijk{u){l<t<3<k<3), v^{l<i<3), v\l<i<5), F3. 

The number of those elements is 19. While dimgr^'A = 3^ — 2'^ = 19. Thus the above 
set of elements is linearly independent. | 

10 Abelian Functions of Order Four 

In this section we study the space ^4(4) and determine a minimal set of generators of 
the P-module A. 
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Proof, (i) As proved in (1251). (IM]). (15^ 

i70(J(X),gr4n3) 



H\j{X),Rl 



H^{JiX),dgT,n^) 
Let us prove 

i^°(J(X),rfgr3^]2) = rfi/°(J(X),gr3fi2). (52) 
By (1271) it is equivalent to 

H\JiX),^l) = 0. (53) 

In the exact sequence ( 130|) with = 4 

//!( J(X), rfgr^ ^]l) ^ //'( J(X), $1) ^ if2( J(X), gri O) ^ if^( J(X), O) ^ C, 
/f°(J(X),i?^)^C, 

by (I32D, Lemma El (i), (iii) and Theorem S (iii) . Thus dimi7^(J(X), $1) = or 1. Let 
us prove that the latter is impossible. Suppose that dim_f/'^(J(X), $3) = 1. Then, by 

^VW,$i) ..HXJiXlBi). (54) 



H^{j{x),dgT,n^) 

Since 

H\JiX),<i>l) = Ker [d : if°( J(X), gr3fi2) ^ i7°( J(X), gr^ fi^)) , 

there exists an element w of if''( J(X), fi^(3)) such that its image in H^{J{X),Rf) 
becomes a basis of iJ°( J(X), i?|). We assume w = l/3ipl in (-R|)o- By LemmaOrfw is 
a basis of H^{J{X), Rf) satisfying dw = (fl in (-R3)o- Let us write dw = F^dvP^^^ with 
F3 G ^(3). Similarly to the proof of Lemma [6l one can prove that F3 is contained in 
the space 

3 5 



^9,9,A(2) + J]J]Ct;f + M 

i=l k=l 
5 3 

M:=^Ct;'= + ^9iA(2) + A(2). (55) 



fc=i j=i 
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Explicitly F3 can be expressed as a linear combination of 

Cm, Cij, v\ vT, v^, 1, z, J, fc, I G {1, 2, 3}, 1 < m < 5. (56) 

Define the weight of Ui to be — (2z — 1); 

wt(ui) = -(2z - 1). 
In general we say that an element a of A has weight d if 

a_6n+d + (lower weight terms) , ^ 

a = , a_6„+d 7^ 0, wt tti = 

By a calculation using (|TBI) we have 

A; 

wtCn...ife = X](2ii - 1), 

wt w° = 12, wt = 8, wt = 10, wt = 12, wt v'^ = 14, wt = 16. 

Since 

1 + (lower weight terms) 



F- 



3 



cr3 



we have wt F3 = 18. Elements with weights no less than 18 among fl56l) are 

^"3(22), t;|(21), ^703(20), (3333(20), vl{19), vt{19), C2333(18), 
vUl8), t;°2(18), (57) 

where the number inside the bracket signifies the weight of the element. A direct 
calculation shows 

aS°3 = Qul + ---, (58) 

= -6ul + ■■■ , (59) 

a^tjOg = -2u'l - l2uiU2 + ■■■ , (60) 

fx'C3333 = -Qut + ■ ■ ■ , (61) 

a^l = 2u\ + \2u\u2 + ■ ■ • , (62) 
a\l = -2ul + 6ulu2 + ■■■ , (63) 

a"C2333 = 24 + 12ulu2 + ■ ■ ■ , (64) 

aS°3 = -ul - 6ulu3 + 6U1U3 - 2S{u) + ■■■ , (65) 

a'^v^^ = -ul + 8ulu2 + 2^u\ + 45(m) + ■■■,, (66) 
3 

where ■ • ■ signifies the lower weight terms. Suppose that 

3 5 

i<j<k<l i<j i=l k=l 
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Notice that 

a^F, = S{u) + ■■■ , (68) 

and all elements in M have weights less than 18. Multiply cr'^ to (!67|) and compare 
homogeneous components from the highest weight. Then the terms with weights greater 
than —6 = 18 — 24 should vanish in the right hand side of (l^7|) . It means that the 
following coefficients are zero; 

^33 5 ^5,3 5 ^23' '^3333 5 ^5,2 5 ^4^3. 

For the weight —6 terms the following equation must hold: 

S = cl,,,Pi + cUP2 - 2S) + cUP, + AS), (69) 

where Pi, P2 — 2S and P^ + iS are the top terms of the right hand side of ( IMI) . ( l65i) and 
( l66l) respectively. However one can easily verify the linear independence of S, Pi,...,Ps. 
Thus (169|) can not hold and consequently (153|) is proved. 

(ii) By fl32]) . ([33]) with n = 5 and Theorem H] (ii) we have 



Then 



H\j{X),dgT,n') H^iJ{X),<!>l) H^iJ{X),gT,0) = 0. 



by ([30]). By ([34]) and Theorem l (ii) we have H^{J{X),^) = 0. Then ([33]) implies 

H\Jix),dgT,n') = dH\Jix),gT,n'), 

which proves (ii). | 

Recall that (123; 123) G v4(4) by Lemma [8|(iii) and 

dCi A dC2 A dC3 = (123; 123)^^"^^. 

Corollary 7 There exists a 2-form ^ G H°{J{X), i^^(3)) such that dCi A ^(2 A rfCs - 
is contained in H^{J{X),Q^{3)) and gives a basis ofH^{J{X),R\). 

Proof. Since we have already proved the equation ([5^ . for the first statement it is 
sufficient to prove 

dCi A dC2 A dC^ e H\J{X), dgi^ n^). (70) 

Notice that 

dCi A d(2 A dC3 = ^dl 

i = ClC?C2 A rfC3 + C2C?C3 A rfCl + CsC^Cl A rfC2. 
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By a direct calculation we easily see that the order of poles of ^ on is at most 3. Thus 
( I70|) is proved. 

Next let us prove that the coefficient of du^^-^ of d(i A d(2 A (i^s — dC, has a non-zero 
component of CF^ in the decomposition of Corollary O Assume that this is not the 
case. Then (123; 123) — Yl^=i ^i^i '^^^ t)e written as a linear combination of pij, {ij; fc/)'s 
modulo X^Li ^j^' where 

^ = ^idu2 A dus + ^2du3 A dui + ^sdui A du2- (71) 

It contradicts the linear independence of the basis of A/ X]^=i given by Proposition 

E I 

Corollary 8 The V-module is generated by A{3). 

Proof. Let Fidu"^^^, F4 G A(4) be a basis of H^{J{X),Rl). Then, using Proposition 
[TJ in a similar way to the proof of Proposition H] one can prove that F4 is contained in 
VA{3). Thus A(4) is contained in DA(3). By Proposition H we have A = VA{3). , 

Corollary 9 The V-module A is generated by representatives ( f731 j of A/ Y^^=idiA. 
Explicitly 

A = V1 + ^POi + ^0 + ^^(123; 123), (72) 

where the sum for {ij; kl) is over elements appeared in (2^- 

Proof. By Corollary HJ O and [3, it is sufficient to prove that 

3 

(123; 123) - ^ di^i G the right hand side of (1721). 

i=l 

for a two form ^ as in Corollary [71 To this end it is sufficient to prove 

3 5 

6 G c + J] CO, + + E (^3) 

i<j i=l fc=l 

for 1 < i < 3. Let F^du^^^, F3 G A(3) be a basis of H^{J{X), i?|) such that 

1 + (lower degree terms) 



Let us write C,i as a linear combination of a basis of A{3): 

5 3 

= + ^ civ' + J2 44 + E S'/^^O'.. + E S'^O'. + + C7. 

fc=l k=l j<k<l j<k 

31 



Then 

5 3 



fc=l k=l j<k<l j<k 



C%1 



Among elements appeared in the right hand side of this equation, those with the weights 
no less than 18 are (1571) and 



9iF3(19), 92^3(21), 93^3(23). 

By a calculation we have 

^"53^3 = -3^zi + ■ ■ ■ , (74) 
a^d2F^ = ul + Qu2 + --- , (75) 

a^diF^ = -\u\ + 3m?M2 - 3^3 + ■ ■ ■ . (76) 
5 

Since (123; 123) — X]^=i ^i^i ^ ^(3)? the weights of elements of A(3) are at most 18 and 
wt (123; 123) = 18, we have 

<y^Y^^i^ =0, 

*=1 / >-5 

where ( )>_5 denotes the terms with weights no less than than —5. Using the expansion 
(I74D-(I^ and (EH]) -(EE]), we easily find c\ = 0. Thus ((731) is proved, i 

11 Linear Basis of Abelian Functions 

In this section we determine a basis of A as a vector space. It is constructed as a subset 
of the set of derivatives of the basis of A/ Yl^=i given in Proposition [51 
The obvious relation d{d(i A dQ) = gives 

ds{tj;12) - d2{t3;l3) + d,{zj;23) = 0. 

Thus we have 

93(12;zj) = 92(13;^)- -91(23; zj), (77) 

for any i < j. Using these relations it is possible to erase M3-derivatives from the 
derivatives of (12; ij). 

We use the notation [l°-^2"'^3°''') = (1, 1, 2, 2, 3, 3) where i appears times, 
and 

Cl-l 2»2 3«3 = 9;^^ d^' 5f log a, Wia,2a2 3a,= d^' 9f W 

for w & A. 



32 



Theorem 6 The following elements give a basis of A as a vector space: 
1, Cl"l2"23a3 (o-i + Q-2 + 03 > 2), 

(12; 12)iai2a2 , (12; 13)i£ii2<»2 , (12; 23)111212 , (oi,ci2>0), 

(13; 13)111212313 , (13; 23)111212313 , (23; 23)111212313 (o-i, 0-2; ^^3 ^ 0), 

(123; 123)111212313 (ai, 02, 03 > 0). (78) 

The elements (178!) generate A as a vector space by CoroUary [9] and relations (177|) . 
Therefore we have to prove the linear independence of the elements f l78p in order to 
prove the theorem. 

Let ^ be an element of H^{J{X),Q'^{3)) as in Corollary [7] and its components 
defined by (^2>- We set 

3 

= (123;123)- J^^if. 

1=1 

Then G ^(3), u^du™^^ is a basis of H^{J{X), R^) and is a linear combination 
of elements in ( 175]) other than (123; 123)111212313 's by (|75l) . 

Thus the theorem is equivalent to saying that the following elements are a C-basis 
of A: 

1, Ci "^1212313 (oi + O2 + C^3 ^ 2), 

(12; 12)111212, (12; 13)111212, (12; 23)iii2i2, (ai,a2>0), 

(13; 13)111212313 , (13; 23)111212313 , (23; 23)111212313 (c^i, 0,2, ^^3 ^ 0), 

^^11212313 (ai, «2, ^3 > 0). (79) 

We shall prove the linear independence of them. To this end we prepare some lemmas. 

Let us define G A{n), n > 4 satisfying Cm"c?m"^^^ = H^{J{X),Rl) inductively 
as follows. 

For each > 2 let Bn be the set of elements 

C111212313 (fll + ^2 + '3'3 = '^), 

((13; 13) - (12; 23))^ai2i23i3 > (ai + 02 + 03 = n - 2), 
(12; 12)111212, (12; 13)111212, (12; 23)iii2i2, {ai + a2 = n - 3), 
(13; 23)111212313, (23; 23)111212313 (fli + 0,2 + 0,3 = n — 3), 
tiiai2i23i3 (ai + a2 + as = n — 3). 

For n = 2 we understand that there are no elements specified by the condition ai + 02 + 
a^ = n — 3 or ai + a2 = n — 3. We set Bq = {1}, Bi = 0. Notice that 5„ is a basis of 
gr„ A for < 3 by Corollary H] and [61 

By Lemma Corollary [S] there is a linear combination P'* of elements in S5 such 
that := is an element of ^(4) and u^du^^-^ is a basis of H^{J{X), Rl). Suppose 
that u^, i < n are defined. By Lemma [6] there is a linear combination P"+^ of elements 
in Pn+2 U {m{ii 212313 14 < j < n, ai + 02 + 03 = n + 2 — j} such that 'u"+^ := P"-+i is an 
element of A{n + 1) and m^+Mm"^^-^ gives a basis of H^{J{X), P^+i). 



33 



Lemma 11 For n > 4, {u{a^2°-23''3\4: < j < n,ai + a2 + = n — j} is linearly 
independent as elements of A. 

The proof of the lemma is given later. 

Let -P/ai2'>23<'3 denote diaid2'^2dsasP^ , where M3-derivatives of (12;zj)'s are erased by 
the relation (1771) . Therefore -Piai2<i2 3<i3 , cti + 02 + CI3 = n — j is a linear combination of 
elements in Bn+i U {u{aj2C'23'^3 14 < j < n + 1, ai + 02 + 03 = n + 1 — j}. Let 

Cn = Bn U {M{ai2«23«3 | 4 < j < n, + 02 + 03 = 77, - j}. 

Let us consider the set of symbols 

Cn = BnL\ {ujai2«23«3 | 4 < j < n, Oi + 02 + 03 = 72 - j], 

where Bn is the set of symbols obtained by making a bar to each element of Bn, Bn = 
{Ci''i2"23"3 , •••}■ The elements in Cn are considered to be linearly independent. For a 
linear combination P of elements in Cn, let P be the linear combination of elements in 
Cn obtained by making a bar to each element of C„ appeared in P. A priori P may 
not be uniquely defined since the expression P may not be unique. Take any one of the 
expression and make P. We denote the vector space with the elements of Cn as a basis 
by Span^Cn- 

Lemma 12 The set {-Pfai202 3<'3 1 4: < j < n, 01 + 02 + 03 = n — j} is linearly independent 
in Span^Cn+i and 

aJ^ Ar^ ^P^^'cCn+i , . 

^A<j<n,a\+a2+a:i=n—j^''' iai2''2 3<»3 

where the map from the RHS to the LHS is defined simply by erasing bars of symbols. 
Lemma [12] follows from Lemma [11] In fact assume Lemma [11] Then 

E 010203 pj _ n ^ \ ^ „aia2a3 pj _ ri 

■^j 1<'12"23"3 — '^y ^ / -Tl"! 2^2 3^3 — ^1 

4:<j <n,a\+a2+a3=n— j 

\^paia2a3 i _q 
^ j "'l«12''23a3 — "J) 

^ ^aia2a3 ^ q 



'1 



since {u\a^2°-2z<^3 14 < j < n, oi + 02 + 03 = — j} is linearly independent by Lemma [TT] 
Thus {-P/ai2a23a3 1 4 < j < n, Oi + O2 + O3 = w — j} Is linearly independent. 

Next let us prove flHU]) . We already know that the map given there is well defined, 
surjective and dimgr„_,_i A = (ri + 1)^ — n^. Let us compute the dimension of the RHS. 
We denote by nBr the number of combinations taking r elements from n elements 
admitting repetition. Then 



%Cn = sHn + 3Hn-2 + 32-ffn-3 + 33^/^-3 + ^ 

i=4 

tl{Pi'ai2«2 3-3 I 4 < J < n - 1, Oi + O2 + O3 = n - 1 - j} = ^ sHn-l-j, 



n-1 



j=4 
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and 



dim(RHS of (IHOj) ) = tlC'n+i — tl{-Pi"i2''23''3 \ 4: < j < n, ai + a2 + = n — j} 

= {n + lf-n^. 
Thus the map is an isomorphism. | 

Proof of Lemma [TT] 

Let us prove the lemma by the induction on n. Consider the case of n = 4. In this case 
{u{aj2<^23<^3 \ 4:<j<n,ai + a2 + a3 = n— j} = {u'^}. By the definition m'^ 7^ and the 
lemma is obvious. 

Assume the lemma until n. By the induction hypothesis for n we have the isomor- 
phism f lHOj) . Then 

^ ^ Cj^ ^ ^'Wiai2"2 3''3 ~ in y4, 

4<J<n+l,ai+a2+<i3=™+l— i 

=^ J2 "'"'^i-12-23^.3 = in RHS of 

The last equation implies 

Cj "'Iai2'i23i3 — / ^ t-j Iii2<223a3 in yO-^J 

A<j<n,ai+a2+a3=n—j 

for some constants cj^"^"^^. Then we have 

n — ^"102 03 i _ -010203, ,i ;„ /I 

U — j "'1«12"23"3 — / ^ "I"l2"23f3 

4<jr<n,ai+a2+a3=n— jr 

which implies 

since {M{ai2a23a3 |4 < j < ai + 02 + 03 = n — j} is linearly independent by the 
hypothesis of induction. By ( ISTl) we have 

E„Oi0203 -i _ Q 

U'iai2"23a3 — "J- 

4<j<™+l,ai+02+03=n+l-jf 

Thus all c"^"^"^ = and {u\ai2'^2Z'^3 1 4 < j < + 1, ai + 02 + 03 = n + 1 — j} is linearly 
independent. 1 

Proof of Theorem [6] 
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The linear independence of elements (!79l) is equivalent to that of elements of B := 
UJ^qS^. We prove that elements of B are linearly independent. 
Consider the linear relation among elements of B and write it as 

Qn + Qn-1 + ■ ■ ■ + Qo = 0, (82) 

where Qi is a linear combination of elements in Bi. Then 

Qn = in gr„ A, 

and 

n — \^ n;aia2az pj ■ ^ 

'^<,j<n—\,a\-\-a2+ao,=n—\—j 

for some constants c"'"^"^"^. It implies 

Qn — ^ ^ ' ^'Wl"i2''2 3<'3 (83) 

Notice that the right hand side of fl83l) is a linear combination of elements in C„_i. We 
have 

S ' ^ ^ ^^1'»12<'23"3 + Qn-l I + Qn-2 + " " " + Qo = 0. 
*^4<j<n— I,ai+a2+a3=rt— 1— J / 

Similarly, for k < n, there are constants c^'"'^"^"^, 4 <j < k — 1, 01 + 02 + 03 = k — l—j, 
such that 

E fc;aia2a3 -j i /O _ \ ^ fc-l;aia2a3 pj ■ ^ /o/|^ 

Cj- "iai2i23"3 "T — 2^ 3 I"l2''23a3 ^k-\i V^^l 

J2 c^^-i'"^"^"«n{.,2'"23<>3 + Qk-2 + ■ ■ ■ + go = in A. (85) 
Taking /c = 6 in (l85ll we have 

5;000 4 , ,n I I /n n 

C4' u +Q4-\ \-Qo = 0. 

It implies 

cf °° = 0, = 0, < z < 4, 
since Uf^QBi U {m'^} is linearly independent. Then, by flM|) . 

E 6;aia2a3 i i - n 

Cj- "'iai2''2 3'»3 V5 — 

which implies 

^6;aia2a3 ^ ^ 

since {'u{ai2a2 3"3 |4 < j < 5, oi + 02 + 03 = 5 — j } n -B5 = in (75. Repeating similar 
arguments we have Qi = for any i. It means that the linear relation (!82l) is trivial. 
Thus B is linearly independent. | 
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12 Proof of Theorem 



By Lemma [T] and f|T2l) we have 

m 

{ki, km] /i, ^m)i"i2"23«3 G A^, (i = 2 '^{kj + Ij - 1) + ai + 3a2 + 5a; 

i=l 

Let -B", n > 1, be the subset of flTHl) consisting of elements of the form 

m 

{ki, A;^; ^1, ^m)i°i2''2 3''3 , 2 ^^(^j + Ij — 1) + cti + 3a2 + 5a3 = n. 

1=1 



We set = {1}. For example 

fii = 0, fi2^{Cn}, 5' = {Ci3}, 5' = {Ci4,Ci2}, 

= {Cl5, C1I2} 5^ = {C16, Cl32, Cl3, C22}, B' = {Cl7, Ci42, C1I3, C122}, 

= C133, C1222, C23, (12; 12)}. 

Lemma 13 We have 

^q'^dimB'^ = ch{gr^^A). 

n=0 

Proof. We have 

00 00 
^g"dim5" = 1+ J2 + (g^ + + g^^) ^ q^'^^""' 

n=0 ai+a2+a3>2 ai,a2=0 

00 

" + (l-9)(l-9^)(l-9^) +(l-g)(l-g3)-^S^) 



On the other hand we have 

ch(gr^^ A) = lA^"',!^^"'' , . (87) 
^ [3],2![4],2![3 + i],2! 



by Theorem [21 By a direct calculation one can show that fl86p and fl87l) are equal. | 
Lemma 14 T/ie set B^ is a basis of gr^^ A. 

Proof. The lemma can be easily proved by induction on n using the linear independence 
of (175]) and Lemma [T^ | 

It follows from this lemma that gr^'^ A is generated by 1, {ij; kl), (123; 123) over V. 
Thus Theorem [3] is proved. | 
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Corollary 10 The following set of elements is a basis of gr^^ A for n > 2; 

Ci''i2°23"3 (fli + 3a2 + Sfls = n), (12; 12)iai2a2 (8 + ai + 3a2 = 

(12; 13)iai2«2 (10 + ai + 3a2 = n), 

(12;23)iai2-2 (12 + ai + 3a2 = n), 

(13; 13)iai2a23"3 (12 + ai + 3a2 + 5a3 = n), 

(13; 23)1^12^23^3 (14 + fli + 3a2 + 5a3 = n), 

(23; 23)iai2«23''3 (16 + ai + 3a2 + 5a3 = n), 

(123; 123)iai2a23a3 (18 + + 3a2 + 5a3 = n). 

13 Concluding Remarks 

In this paper we have determined the P-module structure of the affine ring A of the 
affine Jacobian of a hyperelliptic curve of genus 3. The D-free resolution conjectured 
in the paper [20] is proved to be true. In particular generators and relations among 
them over V are determined. A C-linear basis of A is also given in terms of Klein's 
hyperelliptic p-functions. 

Two filtrations, pole and KP filtrations, are introduced for A. It is proved that 
the graded ring gr*^ A associated with the pole filtrationis not finitely generated. The 
reason is the existence of the singularity of the theta divisor. We study the effect of 
the singularity in detail and reveal the strucure on how A becomes finitely generated 
although gi^ A is not. We think it a typical structure valid for hyperelliptic Jacobians 
of genus (7 > 3 or more generally principally polarized abelian varieties with the singular 
theta divisors. Unfortunately we could not find explicit formulae for a C-linear basis 
of gr^ A for each n. It is an attractive problem to find them. The result will have an 
application to addition formulae of Frobenius-Stickelberger type. 

The KP-filtration fits more naturally to the description of A. In fact the graded 
ring gr'^^ A associated with the KP-filtration is proved to be finitely generated and 
a C-linear basis of gi^^ A is explicitly constructed. In general KP-filtration will be 
appropriate to describe A of the affine Jacobian. However it is effective to use both 
filtrations to prove something. 

It is worth pointing that gr^'^ A is isomorphic to the ring Aq corresponding to the 
most degenerate case, that is, all coefficients Aj of the hyperelliptic curve are equal to 
zero ^20j. The latter ring is generated by logarithmic dervatives of a Schur function and 
thereby is a subring of the ring of rational functions. So Conjecture [1] is reduced to 
the problem on rational functions. We still do not know whether it helps to prove the 
conjecture but expect it does. 

Finally we remark that it is interesting to consider the deformation of the present 
case. Namely consider the space of meromorphic sections of a non-trivial fiat line bundle 
and determine the module structure of it. The generic case had been studied in [16] 
in relation with the problem of constructing commuting differential operators. It is 
curious to study whether the affine ring of an affine Jacobian can be embedded in the 
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ring of differential operators. 
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